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Abstract
In this paper, we show that a closed manifold Mn+1(n ≥ 7) endowed
with a C∞-generic (Baire sense) metric contains infinitely many singular
minimal hypersurfaces with optimal regularity.
1 Introduction
In Riemannian geometry, the existence and regularity of minimal hypersurfaces
is one of the central problems. In 1982, motivated by the existence results
in (n + 1)-dimensional closed manifolds by G.D. Birkhoff ([Bir17], n = 1), J.
Pitts ([Pit81], 2 ≤ n ≤ 5) and R. Schoen and L. Simon ([SS81], n ≥ 6), S.-T.
Yau proposed the conjecture of existence of infinitely many minimal surfaces in
3-dimensional Riemannian manifolds.
Conjecture 1.1 (Yau’s conjecture, [Yau82]). Any closed three-dimensional
manifold must contain an infinite number of immersed minimal surfaces.
In [IMN18], K. Irie, F.C. Marques and A. Neves, using the Weyl law [LMN18]
for volume spectra by Y. Liokumovich and the last two named authors, proved
a stronger version of Yau’s conjecture in the generic case.
Theorem 1.1 (Density of minimal hypersurfaces in the generic case, [IMN18]).
Let Mn+1 be a closed manifold of dimension n + 1, with 3 ≤ n+ 1 ≤ 7. Then
for a C∞-generic Riemannian metric g on M , the union of all closed, smooth,
embedded minimal hypersurfaces is dense.
Later, in [MNS17], F.C. Marques, A. Neves and A. Song gave a quantitative
description of the density, i.e., the equidistribution of a sequence of minimal
hypersurfaces under the same condition.
The Yau’s conjecture for 2 ≤ n ≤ 6 for general C∞ metrics was finally
resolved by A. Song [Son18] using the methods developed by F.C. Marques and
A. Neves in [MN17].
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Recently, X. Zhou [Zho19] confirmed Marques-Neves multiplicity one con-
jecture for bumpy metrics, and as an application of this, F.C. Marques and A.
Neves [MN18] proved the following theorem.
Theorem 1.2 ([MN18], Theorem 8.4). Let g be a C∞-generic (bumpy) metric
on a closed manifold Mn+1, 3 ≤ (n + 1) ≤ 7. For each k ∈ N, there exists a
smooth, closed, embedded, multiplicity one, two-sided, minimal hypersurface Σk
such that
ωk(M, g) = areag(Σk) index(Σk) = k (1)
and
lim
k→∞
areag(Σk)
k
1
n+1
= a(n)vol(M, g)
n
n+1 (2)
where a(n) > 0 is a dimensional constant in Weyl law.
Note that most of the results above were obtained in the Almgren-Pitts min-
max setting (Zhou’s result on the multiplicity one conjecture was based on a new
regularization of the area functional in Cacciopoli min-max setting developed
by him and J. Zhu [ZZ18]). In the Allen-Cahn min-max setting, P. Gaspar and
M.A.M. Guaraco [GG18] and O. Chodosh and C. Mantoulidis [CM18](n = 2)
gave similar results. In particular, O. Chodosh and C. Mantoulidis proved the
multiplicity one conjecture in 3-manifolds before Zhou’s result.
Most of the results above rely on two important ingredients, the upper
bounds for Morse index and the denseness of bumpy metrics ([Whi91]). How-
ever, they could not be easily generalized in higher dimension (n ≥ 7) directly
from the literature above, especially in the Almgren-Pitts setting. Thus, Yau’s
conjecture is still left open in higher-dimensional closed manifolds.
In this paper, we will confirm the Yau’s conjecture in higher dimension (n ≥
7) for a closed manifold M with a C∞-generic metric g. Due to the existence
of nontrivial singularities in area-minimizing varifolds in higher dimension, we
can at best expect that the minimal hypersurfaces have optimal regularity, i.e.,
codim(Sing) ≥ 7.
Theorem 1.3 (Main Theorem). Given a closed manifold Mn+1(n ≥ 7), there
exists a (Baire sense) generic subset of C∞ metrics such that M endowed with
any one of those metrics contains infinitely many singular minimal hypersur-
faces with optimal regularity.
Here is the outline of the proof.
First, we establish the compactness for the Almgren-Pitts RealizationAPR(Π)
of an m-parameter homotopy family Π, where APR(Π) is a nonempty subset of
minimal hypersurfaces with optimal regularity, volume L(Π) and certain stable
property.
Then, by showing that the p-width could be achieved by an m-parameter
homotopy family Pp,m, we also have the compactness for the Almgren-Pitts
Realization APRp of p-width.
Finally, the proof of the main theorem follows the idea of Proposition 3.1
in [IMN18] with a tricky modification. Roughly speaking, to overcome the
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difficulty of the lack of bumpy metrics, we will apply the compactness results
to obtain the openness of “good” metrics and useMf (the set of metrics where
Yau’s conjecture fails) to be the starting point of metric perturbation. If we
divide the metric space into two partsO = Int(Mf ) and Oc, then in O, with two
ingredients mentioned above, we can show that Mf ∩ O is meagre. Moreover,
it is obvious that Mf ∩Oc is no where dense. Thus, Mf is meagre.
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2 Preliminaries
2.1 Basic Notations in the Almgren-Pitts Min-max The-
ory
In this paper, we will use Zn(Mn+1,Z2) to denote the space of modulo two
n-dimensional flat cycles. In Almgren’s thesis [Alm62], he gave a natural iso-
morphism
πk(Zn(M
n+1,Z2), 0) = Hn+k(M
n+1,Z2) (3)
and later, it was shown that Zn(Mn+1,Z2) is weakly homotopic to RP
∞ ([MN16b],
Section 4). We denote the generator of H1(Zn(Mn+1,Z2);Z2) = Z2 by λ¯.
In the cycles space, we can defineM to be the mass norm or mass functional
(See [Fed96], Section 4.2). The nontrivial topology of Zn(Mn+1,Z2) indicates
that the min-max theory for the mass functional can be developed in it:
Let X be a finite dimensional simplicial complex, and we call a map Φ
a p-sweepout if it is a continuous map Φ : X → Zn(Mn+1,Z2) such that
Φ∗(λ¯p) 6= 0. The p-admissible set Pp = Pp(M, g) is the set of all p-sweepouts
Φ that have no mass concentration (See [MN14] Section 11 for details), i.e.
lim sup
r→0
{M(Φ(x) ∩Br(y)) : x ∈ X, y ∈M} = 0 (4)
Now the p-width ωp(M, g) can be defined by infΦ∈Pp sup{M(Φ(x)) : x ∈
dmn(Φ)} ([Gro03], [Gut09], [MN17], [LMN18]).
We also define a min-max sequence S = {Φi}i∈N to be a sequence in Pp
satisfying
lim sup
i→∞
sup
x∈X
M(Φi(x)) = ωp (5)
The critical set of S is
C(S) = {V |V = lim
j
|Φij (xj)| and ‖V ‖(M) = ωp} (6)
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Note that the domains of maps in Pp could be different. In order to get the
compactness, we need to make some restriction on the domains.
Definition 2.1. We call a subset Π of maps from a finite dimensional simplicial
complex to Zn(Mn+1,Z2) a (continuous) m-parameter homotopy family
if
• for any Φ ∈ Π, X = dmn(Φ) is a cubical subcomplex of Im and Φ has no
mass concentration.
• Φ′ : X → Zn(Mn+1,Z2) homotopic to Φ ∈ Π is also inside Π provided
that Φ′ has no mass concentration.
Remark 2.1. In Pitts’ original proof[Pit81], he considered the discrete sweep-
outs in [Im,Zn(M ;M;Z2)]
#. Fortunately, due to the remarkable interpolation
results by F.C. Marques and A. Neves([MN14], Section 13 and 14), the discrete
settings and the continuous settings are interchangeable in some sense. Thus,
the m-parameter homotopy family define here will preserve most properties that
the discrete homotopy family has.
Similar to p-width and the min-max sequence for p-width, we can also define
a min-max invariant for the m-parameter homotopy family Π
L(Π) = inf
Φ∈Π
sup
x∈X
{M(Φ(x))} (7)
and a min-max sequence S = {Φi} ⊂ Π
lim sup
i→∞
sup
x∈X
M(Φi(x)) = L(Π) (8)
Now the critical set of S is
C(S) = {V |V = lim
j
|Φij (xj)| and ‖V ‖(M) = L(Π)} (9)
2.2 Singular Minimal Hypersurfaces with Optimal Regu-
larity and Compactness with Stability Condition
Definition 2.2. We call a varifold V in Mn+1 a singular minimal hyper-
surface with optimal regularity, if it is an n-dimensional stationary integral
varifold and its singular part has dimension dim(Sing(V )) ≤ n− 7.
By Federer-Fleming compactness (See [Sim84]), a sequence {Vj} of singular
minimal hypersurfaces with optimal regularity with bounded volume (up to a
subsequence) will converge to an n-dimensional stationary integral varifold in
the varifold sense. However, without extra information of the sequence, we could
not obtain further regularity of the limit varifold.
If we further assume that {Vj} is stable in some open subset U , then from
the result of [SS81] (See also [Wic14]), we have the following compactness con-
sequence.
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Proposition 2.1. Given a sequence of singular minimal hypersurfaces with op-
timal regularity {Vj} in a smooth closed manifold (M, g) with uniformly bounded
volume and converging to an n-dimensional stationary integral varifold V in the
varifold sense, suppose that each Vj is stable (See definition in [SS81]) in an
open subset of U , then V is stable in U and optimally regular in U .
Remark 2.2. This is also true when Vj is defined on (M, gj) and gj converges
to g in C3 ([SS81], Theorem 2).
Recently, A. Dey [Dey19] generalized this result with the assumption that the
p-th eigenvalue is uniformly bounded from below.
3 Minimal Hypersurfaces from Almgren-Pitts Min-
max Construction
In this section, we will prove some properties of singular minimal hypersurfaces
from Almgren-Pitts Min-max construction, especially realizations of p-widths
and their compactness.
3.1 Almgren-Pitts Realizations ofm-parameter Homotopy
Families and Their Compactness
Given anm-parameter homotopy family Π with L(Π) > 0, we can use a modified
combinatorial argument by Pitts ([Pit81] Proposition 4.9, Theorem 4.10) to get
the following property.
Lemma 3.1. Suppose S = {φi} is a pulled-tight critical sequence for a (discrete
or continuous) m-parameter homotopy family Π with L(Π) > 0. Then there
exists a constant I(m) = 5m, V ∈ C(S) such that for any I(m) distinct points
{pj} whose minimum d among all distances is positive, V is almost minimizing
in at least one of {Bd/16(pj)}. Therefore, V has property (m): for any I(m) =
5m distinct points {pj} whose minimum d among all distances is positive, V is
stable in at least one of {Bd/16(pj)}.
Proof. As the Remark 2.1 explained, it suffices to prove it in the discrete setting,
and then using the interpolation results, we can obtain it in the continuous
setting as well.
Suppose not, and then for each V in C(S), there is a set {pVj }j=1,··· ,I(m)
such that the minimum among distances between each pair is dV > 0 and V is
not almost minimizing in any BdV /16(p
V
j ).
As in the proof of Theorem 4.10 in [Pit81], we can assign to each face σ a
set A(σ) = {BdVσ/16(p
Vσ
j )} for some Vσ associated to σ, where Vσ is one of the
{V1, . . . , Vν} there. Then we would like to find an assignment (See Proposition
4.9 in [Pit81])
α : I(m, k)→ ∪σ∈I(m,k)A(σ) (10)
such that α(σ) ∈ A(σ), and α(σ)∩α(τ) = ∅ whenever σ, τ ∈ I(m, k) are distinct
adjacent faces.
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To do this, firstly, observe for any V, V ′ ∈ C(S), if dV ′ ≤ dV , each ball
in {BdV ′/16(p
V ′
j )} could only intersect with at most one ball in {BdV /16(p
V
j )}.
Therefore, we sort the faces in I(m, k) as a sequence with increasing dVσ . Now,
along this sequence, we can assign each face σ a ball in A(σ) such that it does
not intersect with any ball assigned to the face in some common m-dimensional
cube with σ, since the number of those adjacent faces which has been assigned
before σ is at most 5m − 1.
Thus, we can replace Proposition 4.9 with the arguments above in the proof
of Theorem 4.10 in [Pit81] and obtain a contradiction as well.
Since we only consider the case when n > 6, by applying regularity theorems
in [SS81], the varifold obtained in the lemma above is indeed a singular minimal
hypersurface with optimal regularity.
Definition 3.1. We define Almgren-Pitts Realization of the m-parameter
homotopy family Π, denoted by APR(Π), to be the nonempty set of varifolds V
satisfying
• ‖V ‖(M) = L(Π).
• V is a singular minimal hypersurface with optimal regularity.
• V has property (m).
Now, we can show that APR has following compactness property.
Proposition 3.1 (Compactness of APR). Given a sequence of m-parameter
homotopy families Πi with 0 < inf L(Πi) ≤ supL(Πi) <∞ with Vi ∈ APR(Πi),
there is a subsequence (still denoted using index i) Πi such that
lim
i→∞
L(Πi) = L ∈ R
+ (11)
and
Vi ⇀ V (12)
in the varifold sense. Moreover, spt(V ) is also a singular minimal hypersurface
with optimal regularity and property (m).
Proof. By Federer-Fleming compactness, we only need to check that V has
property (m) and optimal regularity.
Firstly, we show that V has property (m).
Suppose not, and then we can find a set of I(m) points {pj} with d > 0
the minimum distance among all pairs such that V is not stable in Bd/16(pj).
By Proposition 2.1, we know that for each j, there is a positive integer ij > 0
such that when i > ij , Vi is not stable in each Bd/16(pj). If we take i0 =
maxj=1,...,I(m){ij}, then Vi is not stable in any one of {Bd/16(pj)} provided
that i > i0.
This contradicts to the definition of APR that Vi has property (m).
Since n > 6, we can apply the same argument to prove the optimal regularity
of V . In fact, by Proposition 2.1, it suffices to show that except I(m)−1 points,
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each point in M has a neighborhood such that a subsequence of {Vi} is stable
in that neighborhood.
Suppose not, and then we can find a set of I(m) points {pj} with d > 0 the
minimum distance among all pairs such that {Vi} is not stable in each Bd/16(pj)
when i sufficiently large. This again contradicts to the definition of APR.
Remark 3.1. In fact, by combining Theorem 4.10 in [Pit81] with Lemma 3.1,
for any m-parameter homotopy family Π, we can obtain a varifold V with both
the “balls-type stability”(Property (m)) in Lemma 3.1 and the “annuli-type sta-
bility” in Theorem 4.10. Therefore, we can refine APR(Π) to be the varifold
with both two properties and then the compactness follows as well. In this case,
we can guarantee that varifolds in APR(Π) are optimally regular even when
2 ≤ n ≤ 6. However, since we only consider the minimal hypersurfaces in
higher dimension, for simplicity, we do not need to make such a refinement.
3.2 Almgren-Pitts Realizations of (p,m)-width and p-width
and Their Compactness
In [Xu16], G. Xu defines (p,m)-width to be
ωp,m(M, g) = inf
Φ∈Pp,m
max
x∈dmn(Φ)
M(Φ(x)) (13)
where Pp,m is the set of mass-concentration-free sweepouts from a cubical sub-
complex of the m-dimensional cube Im into Zn(M,Z2) detecting λ¯p. And he
also proved that when m ≥ 2p + 1, Pp,m 6= ∅ and the (p,m)-width can be
realized by a singular minimal hypersurface with optimal regularity.
Note that the only difference between p-width and (p,m)-width is the domain
of the sweepouts. Since Pp,m is a m-parameter homotopy family, the realization
of (p,m)-width is just a corollary of the compactness property (Proposition 3.1)
and Remark 3.1 when 2 ≤ n ≤ 6.
Corollary 3.1 ([Xu16], Theorem 1.12). For m ≥ 2p+ 1, there is a varifold V
such that ‖V ‖(M) = ωp,m(M) and spt(V ) is a singular minimal hypersurface
with optimal regularity.
It is obvious
ωp,2p+1(M) ≥ ωp,2p+2(M) ≥ · · · ≥ ωp,m(M) ≥ · · · ≥ ωp(M) (14)
The question is whether for some m ≥ 2p + 1, we can have the equality
between ωp,m(M) and ωp(M). Here, we would like to confirm this by a simple
argument.
Proposition 3.2. ωp,2p+1(M, g) = ωp(M, g)
Proof. Given a min-max sequence S = {Φi}i∈N ⊂ Pp for ωp, denote X
(p)
i the
p-dimensional skeleton of Xi = dmn(Φi) and following the proof in Proposition
2.2 in [IMN18], we have
H l(Xi, X
(p)
i ;Z2) = 0(l ≤ p) (15)
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and the exact sequence
· · · → Hp−1(Xi, X
(p)
i ;Z2)→ H
p(X
(p)
i ;Z2)→ H
p(Xi;Z2)→ H
p(Xi, X
(p)
i ;Z2)→ · · ·
(16)
The pullback map from Hp(Xi;Z2) to H
p(X
(p)
i ;Z2) is injective so (Φi)|X(p)i
∈
Pp.
Since
ωp(M, g) ≤ lim sup
i→∞
{M(Φi(x))|x ∈ X
(p)
i } ≤ lim sup
i→∞
{M(Φi(x))|x ∈ Xi} = ωp(M, g)
(17)
we also have that
lim sup
i→∞
{M(Φi(x))|x ∈ X
(p)
i } = ωp(M, g) (18)
As a consequence, we may assume that in the min-max sequence S, dmn(Φi) =
X
(p)
i .
Now that X
(p)
i is a compact p-skeleton, by Theorem V2 in [HW16] we can
embed it into I2p+1.
Next, we can “thicken” X
(p)
i in I
2p+1 to obtain a polyhedron Yi with bound-
ary such that X(p) is a deformation retract from Yi, which induces a map
Φ′i : Yi → Zn(M, g;Z2) with (Φ
′
i)
∗(λ¯p) 6= 0 and max{Φ′i} = max{Φi}. In
addition, Yi as a polyhedron is homeomorphic to the support of some cubical
subcomplex of this type (Chapter 4, [BP02]) and the approximating map Ψi of
Φ′i is inside Pp,2p+1.
In sum, ωp(M, g) can be achieved by the sequence {Ψi} ⊂ Pp,2p+1 so we
have ωp(M, g) ≥ ωp,2p+1(M, g), i.e., ωp(M, g) = ωp,2p+1(M, g).
Corollary 3.2 (Realization of p-width). p-width can be realized by a singular
minimal hypersurface with optimal regularity and moreover, with property (2p+
1).
Remark 3.2. When 2 ≤ n ≤ 6, this has been proved ([IMN18], Proposition
2.2), where they used the upper bound of Morse index of minimal hypersurfaces
from min-max construction [MN16a]. However, when n ≥ 7, without an ade-
quate alternative of bumpy metrics defined in the singular setting, the technique
in [MN16a] to make critical sequence bypass all minimal hypersurface with large
Morse index could not be applied. Thus, the compactness result in [Sha15] is
still open.
Even worse, up to the author’s knowledge, it is still open whether the minimal
hypersurfaces from min-max construction has finite Morse index.
Definition 3.2. We define the Almgren-Pitts realizations of p-width APRp(M, g)
to be APR(Pp,2p+1).
Now we have the following compactness for varying metrics.
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Proposition 3.3 (Compactness ofAPRp for Varying Metrics). Given a smooth
closed manifold M and C∞ metrics {gi} and g such that
gi
C3
−−→ g (19)
and Vi ∈ APRp(M, gi) for some p > 0, there is a subsequence of {Vi} (still
denoted by {Vi}) such that
Vi ⇀ V (20)
in the varifold sense. Moreover, V ∈ APRp(M, g).
Proof. From the continuity of p-width ([IMN18], Lemma 2.1), we have that
‖V ‖(M) = ωp(M, g). With Remark 2.2, the proof that V has optimal regularity
and property (2p+ 1) is simply verbatim of the proof of Proposition 3.1.
4 Proof of Main Theorem
For any open subset U ⊂M , we define
MU,p = {g ∈ Γ∞(M)|∀V ∈ APRp(M, g), ‖V ‖(U) > 0} (21)
and
MU =
∞⋃
p=1
MU,p (22)
Proposition 4.1. MU,p is an open subset of Γ∞(M) for any open subset U ,
and so is MU .
Proof. Given g0 ∈MU,p, we would like to show that there is an δ > 0 such that
Bδ(g0, C
3) ∩ Γ∞(M) ∈MU,p.
Suppose not, there will be a sequence gi ∈ Γ∞(M) such that gi
C3
−−→ g0
but gi /∈ MU,p. Therefore, we can choose a sequence {Vi} such that Vi ∈
APRp(M, gi) but Vi(U) = 0. From Proposition 3.3, up to a subsequence,
Vi ⇀ V (23)
where V ∈ APRp(M, g0).
Since U is open, ‖V ‖(U) ≤ limi→∞ ‖Vi‖(U) = 0 which gives a contradiction.
Now we defineMf to be the set of metrics onM where there are only finitely
many singular minimal hypersurfaces of optimal regularity w.r.t. that metric.
Lemma 4.1 (Key Lemma). For any open subset O of Γ∞, if Mf is dense in
O, then MU is both open and dense in O as well. Thus, Mf ∩ O is a meagre
set inside O.
Remark 4.1. As we will see in the proof, Mf plays the same role as bumpy
metrics in the proof of Proposition 3.1 in [IMN18].
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Proof. Fix U as an open subset of M . For any g in O, from the denseness of
Mf , there is a g′ ∈ Mf such that g′ is arbitrarily close to g. Now, if g′ ∈ MU
then we are done.
Suppose that g′ /∈MU , we can follow the proof of Proposition 3.1 in [IMN18],
since now the set
C ={
N∑
j=1
mjvolg′(Σj) : N ∈ N, {mj}
N
j=1 ⊂ N, {Σj}
N
j=1
singular minimal hypersurfaces with optimal regularity}
(24)
is countable and thus has empty interior.
Let h be a smooth nonnegative function with spt(h) ⊂ U and h(x) > 0 for
some x ∈ U . Let g′(t) = (1 + th)g′. Since O is open, there is a t0 > 0 such that
{g′(t)|0 ≤ t ≤ t0} ⊂ O. Moreover, using the same argument in Proposition 3.1
in [IMN18], there exists a t1 ∈ (0, t0) arbitrarily small and p = p(t0) ∈ N such
that ωp(M, g
′(t1)) > ωp(M, g
′) and ωp(M, g
′(t1)) /∈ C. Now it suffices to show
that g′(t1) ∈ MU,p.
Suppose not, we can find V ⊂ APRp(M, g′(t1)) such that ‖V ‖(U) = 0.
Note that g′(t1) = g
′ outside U so we have
‖V ‖(M) =
N∑
j=1
mjvolg′(t1)(Σj) =
N∑
j=1
mjvolg′(Σj) ∈ C (25)
where {Σj} is a finite set of singular minimal hypersurfaces with optimal regu-
larity with respect to both g′(t1) and g
′. This gives a contradiction.
Let {Ui} be a countable basis of M , then M =
⋂
MUi is of second Baire
category in O so Mf ∩ O ⊂M
C ∩ O is a meagre set.
Proof of Main Theorem. Let O = Int(Mf ) and it is easy to see that Mf ⊂
(Mf ∩O)
⋃
∂(Mf). From Lemma 4.1, we know that Mf ∩O is meagre. Since
∂(Mf) is nowhere dense, Mf is also meagre.
Remark 4.2. In the Key Lemma 4.1, we only use the fact that C is a set with
empty interior. Thus, if Mei is the set of metrics where C has empty interior
and Oei = IntMei, we also have that M is of second Baire category in Oei. As
a consequence, we have the denseness of singular minimal hypersurfaces with
optimal regularity in generic metrics inside Oei.
Parallel to the existence of bumpy metrics when 2 ≤ n ≤ 6, we have the
following conjecture.
Conjecture 4.1. Mei is dense in Γ∞(M).
Corollary 4.1. If Conjecture 4.1 above holds, singular minimal hypersurfaces
with optimal regularity in M with generic metrics are dense.
In particular, letMc be the set of the metrics where there are only countably
many singular minimal hypersurfaces of optimal regularity w.r.t. that metric
and then the following conjecture would imply Conjecture 4.1.
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Conjecture 4.2. Mc is dense in Γ∞(M).
Morally speaking, Conjecture 4.2 can even lead to upper bounds of Morse
index following the techniques in [MN16a].
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